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The diagonal and off-diagonal elements of the effective self
diffusion tensor, o•lf, are related to the echo intensity in an NMR 
spin-echo experiment. This relationship is used to design ex
periments from which o•lf is estimated. This estimate is validated 
using isotropic and anisotropic media, i.e., water and skeletal 
muscle. It is shown that significant errors are made in diffusion 
NMR spectroscopy and imaging of anisotropic skeletal muscle 
when off-diagonal elements ofO•lf are ignored, most notably the 
loss of information needed to determine fiber orientation. Es
timation of o•lf provides the theoretical basis for a new MRI 
modality, diffusion tensor imaging, which provides information 
about tissue microstructure and its physiologic state not con
tained in scalar quantities such as T1 , T2 , proton density, or the 
scalar apparent diffusion constant. ((, 1994 Academic Press, Inc. 

INTRODUCTION 

A scalar self-diffusivity, D. has been measured accurately 
in water and other isotropic media using NMR spin-echo 
( 1, 2) and pulsed-gradient spin-echo ( 3) sequences. It is es
timated from the linear relationship between the logarithm 
of the echo intensity and the magnitude of the magnetic
field gradient in which D appears as a constant of propor
tionality ( 1, 3). When diffusion NMR spectroscopy and 
Fourier NMR imaging were combined recently ( 4-6) by in
cluding diffusion gradients within an imaging sequence, an 
effective diffusivity, D•lf, could then be estimated in each 
voxel of an image ( 7). 

In contrast to isotropic media, one observes significantly 
different effective diffusion constants in anisotropic media 
when diffusion gradients are applied in different directions. 
For instance, in diffusion NMR spectroscopy and imaging 
of anisotropic tissue like brain white matter ( 8) and skeletal 
muscle ( 9), the observed echo intensity depends on the 
specimen's orientation with respect to the direction of the 
applied magnetic-field gradient. The orientation dependence 
of diffusion can be characterized by o•tr, an effective self
diffusion tensor ( 10-14). While its use has been suggested 
in NMR spectroscopy (3) and imaging ( 7, 15), to our know!-
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edge an explicit relationship between the effective self-dif
fusion tensor and the NMR signal has not been elucidated. 
Moreover, the off-diagonal elements of o•tr have not been 
measured or even considered. Their importance cannot be 
minimized (16). Although differences among oetr•s diagonal 
elements, D1~, D~.7,. and D~f. are a necessary condition to 
demonstrate anisotropic diffusion, all diagonal and off-di
agonal elements of o•tr must be known to characterize it 
adequately, and specifically to infer the mean microscopic 
displacements of protons. 1 

In this paper, we show how to calculate the effects of an
isotropic diffusion on the NMR signal in imaging and spec
troscopy by relating the diagonal and off-diagonal elements 
of oetr to the measured echo intensity in a pulsed-gradient, 
spin-echo experiment. We then design a series of magnetic
field-gradient sequences that permit us to observe the effects 
of different linear combinations of these diagonal and off
diagonal elements ofD•lf on the measured echo. Next, treat
ing the components ofD•lf as free parameters. we show how 
to estimate them in a voxel from the measured spin-echo 
intensity and how to assess their importance, especially that 
of the off-diagonal elements. This work leads to methods 
that can be used to determine fiber orientation in vivo ( 17), 
to infer the microscopic displacements of protons and other 
moieties in vim, and to correct for cross talk, misalignment, 
and maladjustment of magnetic-gradient coils. 

THEORY 

The Macroscopic Effective Seif-Diffusion Tensor, Def/ 

The effective second-order self-diffusion tensor, D•lf, re
lates the macroscopic concentration gradient, 'i7C, and mac
roscopic diffusive flux, J, in an anisotropic medium: 

1 Alternatively, it is sufficient to know the eigenvalues and eigenvectors 
ofD'tr. 
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Diagonal elements ofDeff scale fluxes and concentration gra
dients in the same direction; off-diagonal elements couple 
fluxes and concentration gradients in orthogonal directions. 
One important consequence of Eq. [I] is that the concen
tration gradient (vector) is not necessarily parallel to the 
diffusive flux (vector), as in isotropic media. For uncharged 
moieties such as water, oetr is symmetric (10-14) (i.e., oetr 
= oetrT), a consequence of the reciprocity theorem and the 
principle of microscopic reversibility of nonequilibrium 
thermodynamics ( 12, 13). 

One operational assumption made throughout this paper 
is that the components of the effective self-diffusion tensor 
are macroscopic, voxel-averaged quantities that are not ex
plicit functions of time and may vary among voxels. 

Relating Echo Intensity and oetr in a Spin-Echo, Pulsed-
Gradient NMR Experiment 

The solution to the Bloch equations (/8) with diffusion 
(] 9) in a 90° -180° spin-echo, pulsed-gradient experiment 
is well known, as is the modification of Stejskal that makes 
them amenable to describing free diffusion in an anisotropic 
medium ( 14). Stejskal ( 14) related the applied magnetic
field-gradient vector, G( t), 

and its time integral, 

F(t) = l' G(t')dt', [2b] 

to the echo intensity, A(TE), in a spin-echo experiment ac
cording to 2 

-- = exp -1' 2 F(t') - 2H t' - - f D A(TE) ( LTE [ ( TE) ]T 
A(O) o 2 

1 We have rewritten the integrand of Eq, [ 3) in matrix notation to em
phasize that it is a quadratic form, 

where 'Y is the gyromagnetic ratio of protons, A ( 0) is the 
echo intensity with no applied gradients, H(t') is the unit 
Heaviside function. TE is the echo time, and f = F(TE/2). 

By analogy with the definition of the scalar effective dif
fusion coefficient ( 20), we define the effective diffusivity ten
sor, oetr, as a mean value of the exponent in Eq. [ 3] over 
the time interval [ 0, TE], 

X [ F(t') - 2H(t' - ~E)r r dt': oeff = -y2 LTE [ F(t') 

-2H(t'- ~E)rro[F(t')-2H(t'- ~E)r]dt', [4] 

where ":" is the generalized dot product. Taking the loga
rithm of Eq. [ 3] and using the definition of oetr, Eq. [ 4], 
we obtain 

[ 
A(TE)] 

3 3 

In -- = - °" °" b Detr = -b • oetr A ( 0) L.. L, I/ u • • 
1- l 1~ I 

[ 5] 

The importance of Eq. [ 5] is that it establishes a linear re
lationship between the logarithm of the echo attenuation, 
In [ A (TE)/ A ( 0)], and each component of oetr, D~JT. Above, 
b,1 is the ijth component of a symmetric matrix, b, defined 
as 

b = 1'2 LTE [ F(t') - 2H(t' - ~E)r] 

X [ F(t') - 2H(t' - ~E)r r dt'. [6] 

The b matrix above performs the role in anisotropic dif
fusion that the scalar b factor ( i.e., the coefficient of the scalar 
effective diffusion constant) ( 7) performs in isotropic dif
fusion. While the diagonal elements, D;~, D~,~, and D~r, 
and their respective coefficients, b.m b.,, .. , and b==• have been 
considered in the context of anisotropic diffusion spectros
copy and imaging (15), the remaining six off-diagonal ele
ments of oetr, D1~, D~~. Drr, Df,f, D;f, and D;f, and 
their respective coefficients, bxy, bx=, byz, b,,0 b=x, and bzy, 
have not. Note that the diagonal elements of bu subsume all 
interactions between diffusion and imaging gradient pulses 
in the same direction, which are referred to as "cross terms" 
( 6, 21). However, the off-diagonal elements of bu couple im
aging and diffusion gradients in orthogonal directions, which 
to date have been ignored. 

Equation [5] above suggests that we can design experi
ments to observe different linear combinations of the com-
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ponents ofoeffby applying diffusion gradients along various 
oblique directions. For example, to observe the echo atten
uation caused only by D1~, we choose a gradient-pulse se
quence in which G has a component only in the x direction, 
so that only b11 = hxx * 0. Then, 

In -- - -h,.,D,., .. [
A(b)]- err 
A(O) . . . . [7] 

Alternatively, to observe the echo attenuation caused by all 
of the diagonal and off-diagonal components of oeff simul
taneously, we can choose all of the components of G to be 
nonzero, so that 

In[~;~;]= -[buD1~ + bnD~-f + b==D~~ 

+ (bw + b,.x)D1f +(be+ h:JD:~ + (b,= + h:,)D!-~1- [8] 

Moreover, for gradient-pulse sequences commonly used 
in diffusion spectroscopy ( e.g., rectangular, sinusoidal, tri
angular, and trapezoidal), simple analytic expressions can 
be derived for each matrix element, b,i· For example, for 
symmetric trapezoidal pulses like those shown in Fig. I, 

a 

~8---111-• 

,(Gx-~----·f\;;(N=Rit 
I 
I 

b ..,1 -.:;;s,~=~ 

e ! 
0 

[9] 

180° 

where o is the time between the initial rise of a trapezoidal 
pulse and the end of its plateau, ~ is the time between the 
initial rise of the first and second pulses, t is the rise time of 
the ramp, and G1 is the maximum field gradient along the 
X; coordinate direction. By substituting Eq. [ 9] into Eq. [ 5], 
we derive a theoretical relationship between the echo atten
uation, A ( b) [ which is now written as A ( G)] and oeff: 

The quadratic form in Eq. [ 10] reduces to a familiar 
expression when the medium is isotropic with diffusivity D0 , 

[11) 

a degenerate case of Eq. [ 10] for which the scalar b factor 
has already been derived (22, 23). 

If there were no error in measuring the echo intensity, we 
could, in principle, determine the six independent elements 
of the effective self-diffusion tensor and A(O) using only seven 
independent trials (i.e., in which G were chosen to lie in 
seven noncollinear directions) by simply inverting a 7 X 7 

echo 

i 
TE 

FIG. I. Waveforms in a pulsed-gradient spin-echo diffusion spectroscopy experiment: (a) the 90° and 180° RF stimulating pulses from the surface 
coil; the magnetic field gradients (g/cm) applied in the (b) x. (c) ,r. and (d):: directions; (e) the time (TR= 15 s. TE= 40 ms. I',= 4.2 ms,,= 0.2 ms. 
j. = 22.5 ms). Gradients applied in different directions must be applied simultaneously. 
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matrix constructed from Eq. [ 10]. Since measurements of 
echo intensity are noisy, this approach provides poor esti
mates ofDeff. Instead, we perform a much larger number of 
trials than seven to estimate oeff statistically, and we use 
multivariate linear regression. In doing so, we do not neglect 
off-diagonal components of oeff a priori, that is, we do not 
constrain them to be zero, as others have. Instead, we allow 
all components of oeff to contribute to the measured echo 
intensity (as in Eq. [10]). Then, once all components ofoeff 
have been estimated, we can assess their relative importance. 

MATERIALS AND METHODS 

Estimation of oeJT from Spin-Echo Intensity Measurements 

We use multivariate linear regression (24) ofEq. [10] to 
estimate the components of oeff in a voxel. Echo intensities 
are measured for a series of symmetric, trapezoidal gradient
pulse sequences in which magnetic-field gradients are applied 
in at least seven noncollinear directions. The optimal oeff 
minimizes the sum of the squares of the difference between 
the measured and the theoretically predicted spin-echo in
tensities. 

In general, in each experiment, we choose n noncollinear 
gradient directions, for which m measurements of A ( G) are 
made at different gradient strengths. These n X m observa
tions ofln[A(G)] are stored as an nm X 1 column vector, 
x. We define another column vector of parameters to be 
estimated, a, which has seven elements-the six independent 
elements of oeff and In [A ( 0)]: 

a= {D~~. D~.f,, D~~. D~f, D1~, D1,r, ln[A(0)]}r. [12] 

Next, we define an nm X 1 column vector of predicted 
outcomes, ~. as the product of an nm X 7 matrix of b matrix 
elements, B, computed from Eq. [10], and a: 

~=Ba. [ 13] 

The x 2 parameter, defined as 

[ 14] 

is the weighted sum of squares of deviations between the 
observed and the predicted echo intensities. For each of the 
m X n independent trials, the squared deviation is weighted 
by the corrected reciprocal error variance for that measure
ment, x7 / a};, which become the diagonal elements of the 
covariance matrix, ~-t. They account for the expected vari
ation in each trial and correct for the distortion introduced 
by the logarithmic transformation of A ( G) / A ( 0) ( 25). 

Minimizing x 2 
( O with respect to each of the seven un

known parameters in ~ yields seven linear (normal) equa
tions, which in matrix form are 

[15] 

The optimal parameters, a 0 p1 , are 

The first term on the right-hand side ofEq. [ 16], (BT~- 1B)- 1 

= M - 1 , is a 7 x 7 matrix, the diagonal elements of which 
are the error variances of the seven estimated parameters. 

Thus, in this section, we have reduced the problem of 
determining the components of the effective self-diffusion 
tensor to a routine problem in multivariate linear regression: 
solving seven linear (normal) equations simultaneously for 
seven unknown parameters. 

EXPERIMENT AL 

Diffusion spectroscopy and imaging of water and pork 
loin samples were performed on a 4. 7 T spectrometer/ imager 
(GE Omega, Fremont, California). The samples were placed 
on a surface coil and allowed to thermally equilibrate at 
14.7°C in the bore of the magnet. The same surface coil can 
be used for both spectroscopy and imaging. A spin-echo, 
trapezoidal pulse-gradient sequence was used for diffusion 
spectroscopy with the isotropic and anisotropic samples and 
is shown in Fig. I. 

For water at 14. 7°C, seven noncollinear magnetic-field
gradient directions were selected: ( Gx, Gy, G;) = Go { ( 1, 0, 
0),(0, 1,0),(0,0, 1),(1,0, 1),(1, 1.0),(0, I, l),and(l, 
1, 1 ) } . For each gradient direction, three trials were per
formed. In each trial, the gradient strength, G0 , was increased 
from 1 to 15 G/cm in increments of 1 G/cm. In all, 315 
acquisitions were obtained for each sample. 

This experimental protocol was repeated with an aniso
tropic pork-loin sample at 14.7°C. In one experiment, the 
muscle fibers of the pork-loin sample were approximately 
aligned with the x axis of the magnet; in another, the same 
sample was rotated about 40° in the plane of the xz axis. 

RESULTS 

Estimation ofoerr in an Isotropic Medium-Water 

For water, the estimated effective self-diffusion tensor, oest, 
is given below with its standard error matrix: 

[ ( 

1.7003 
oest = -0.0406 

0.0027 

-0.0406 
1.6388 

-0.0036 

0.0027) 
-0.0036 

1.7007 

(

±0.0057 
+ ±0.0054 

±0.0055 

±0.0054 ±0.0055)] mm2 
±0.0056 ±0.0054 X 10- 3 

-- . 

±0.0054 ±0.0057 s 
[ 11 J 
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We use multiple hypothesis testing (24) to assess whether 
D e,i is an isotropic matrix subject to explainable experimental 
statistical variability, with our null hypothesis being that the 
diffusion tensor is isotropic, i.e., 

onull = Do I, where I= [~ ~ ~i - [18] 
0 0 1 

We estimate oetr again from the same data set, now assuming 
the null hypothesis to be true. This reduced model (24) con
tains five linear constraint equations, three setting the off
diagonal elements to zero and two forcing the three diagonal 
elements to equal one another. Assuming the null hypothesis 
to be true, the estimated effective diffusion tensor is 

or 

mm 2 

D~~II = ( 1.6675 ± 0.0033) X 10- 3 --1 
s 

mm 2 

Do= ( 1.6675 ± 0.0033) X 10- 3 -- . 
s 

[ 19] 

The adjusted coefficient of determination p 2 = 0.999999 for 
N = 315. 

To determine whether to accept or reject the null hypoth
esis, we use an F distribution. The relevant F statistic is ( 26) 

(Re - Ru)l(k - r) 
Fo = -R-e/-[ N-_-(_k_+_I )-] ' [20] 

where k and rare the number of free parameters in the un
constrained and constrained models, respectively; N is the 
total number of experimental data points; and R 0 and Re 
are the residual sums of squares for the unconstrained and 
constrained models, respectively. 

For the water phantom, r = I, k = 7, and N = 315, so 
that F0 = 21.5 using Eq. [20]. But F[k - r, N - (k + 1 )] 
= 2.87 and 2.13 for the I and 5% confidence limits, respec
tively; we would therefore reject the null hypothesis of iso
tropy. Indeed, these results may be explained by systematic 
instrumental errors discussed below. 

Estimation ofD(ff in an Anisotropic Medium-Pork 
Skeletal Muscle 

The estimated diffusion tensor for the anisotropic pork 
sample with the fiber directions approximately aligned with 
the x axis is 

[( 

1.0513 0.0535 
oeS! = 0.0535 0.9697 

-0.0040 0.0256 

-0.0040) 
0.0256 
0.8423 

( 

±0.0055 ±0.0044 ±0.0043) l m 2 

+ ±0.0044 ±0.0053 ±0.0043 X 10- 3 ~ 
±0.0043 ±0.0043 ±0.0051 s 

(adjusted p 2 = 0.999999; N = 294 ). 

[ 2 l] 

To represent the case in which the off-diagonal elements 
are ignored, we repeat the estimation of oeff assuming the 
null hypothesis that the matrix is diagonal. We use three 
constraint equations to force all off-diagonal elements to be 
zero. Under these conditions, r = 4, k = 7, and N = 294, so 
that F 0 = 38.49 using Eq. [20]. Now F[k - r, N - (k + I)] 
= 3.85 and 2.64 for the 1 and 5% confidence limits, respec
tively. We must therefore reject the null hypothesis that the 
matrix is diagonal. 

In the second experiment with the same pork-loin sample, 
the fiber directions were rotated by approximately 40° with 
respect to the x axis in the x-z plane. The estimated diffusion 
tensor is now given by 

[( 

0.9761 
oeSI = 0.0278 

-0.0748 

0.0278 
0.9529 

-0.0106 

-0.0748) 
-0.0106 

0.9653 

( 

±0.0039 ±0.0031 ±0.0031) l 2 
+ ±0.0031 ±0.0039 ±0.0031 X 10- 3 mm 

±0.0031 ±0.0031 ±0.0039 s 

(adjusted p 2 = 0.999999; N = 294). 

[22] 

To represent the case in which the off-diagonal elements 
are ignored, we estimate oetr assuming the null hypothesis 
that the matrix is diagonal. Under these conditions, r = 4, 
k = 7, and N = 294, so that F0 = 66.24 using Eq. [20]. 
Again, F[k- r, N-(k +I)]= 3.85 and 2.64 for the I and 
5% confidence limits, respectively. We must therefore reject 
the null hypothesis that the estimated diffusion matrix for 
the rotated sample is diagonal. 

In all of these experiments, our estimation of the error 
variance matrix, :2: - i, was corrected for the logarithmic 
transformation of the measured echo intensities, so that both 
the estimation of each component of the diffusion tensor 
and its error variance (given in M- 1) were optimal. Inde
pendent trials were performed to estimate the error variance 
of A ( G), <T 7;, as a function of I GI. They showed that <T;; ~ 
150 and were approximately uniform, independent of mag
netic-field-gradient strength and direction. The estimated 
parameters obtained using weighted multivariate linear 
regression agreed with those obtained using a nonlinear Lev
enberg-Marquardt algorithm, using the untransformed form 
of Eq. [ 5] relating the echo intensity and the diffusion tensor: 

3 3 

A(b) = A(0)exp(-:Z:: L buDft). (23] 
i-1 J~ I 

DISCUSSION 

For both isotropic and anisotropic samples, standard errors 
were small compared with the estimated parameters, and 
the adjusted multiple coefficient of determination p 2 = I to 
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within six significant digits. This shows that the multivariate 
linear model (Eq. [5]) fits the data faithfully. In addition, 
the diffusivity, D0 (in Eq. [ 19]), estimated by assuming water 
to be isotropic and homogeneous, is close to published values 
for water at 14.7°C ( 7). Despite this agreement, from our 
experimental data, the hypothesis that the estimated self
diffusion tensor for water is isotropic and homogeneous to 
within known instrumental variability should be rejected. 
The diagonal element Dn differed from the other two by 
statistically significant amounts, and Dxy was significantly 
larger than zero. As self-diffusion of water is thought to be 
isotropic, this measured anisotropy must be the result of a 
systematic instrumental error, most likely a coupling between 
the x and y magnetic-field gradients. 

This apparent anisotropy is not disconcerting because 
NMR diffusion spectroscopy is exquisitely sensitive to mag
netic-field-gradient uniformity, orthogonality, and ampli
tude. In fact, we propose that the measured diffusion an
isotropy in isotropic media can be used to great advantage 
as the basis for calibrating and aligning magnetic-field gra
dients. In addition, we suspect that induced eddy currents, 
nonideal frequency response of the current sources supplying 
the gradient coils, and slight misalignment ( less than I O

) of 
the gradient directions with respect to the large, steady mag
netic field will create a disparity between the b matrix cal
culated analytically or numerically from the prescribed pulse 
sequence ( using Eq. [ 6]) and the experimental b matrix (22). 

As expected, significantly larger differences are observed 
between diagonal components of the estimated oetr for the 
pork-loin sample than for water, so that water appears iso
tropic by comparison. Moreover, the ratios of diagonal ele
ments of oetr for the pork loin compare very well with those 
obtained in similar experiments with excised skeletal muscle 
tissue ( 9). 

Errors Introduced by Ignoring Off-Diagonal Components 
~fD''.ff in Spectroscopy and Imaging 

Although it is well known that the effective self-diffusion 
constant varies as an anisotropic sample is rotated with re
spect to the direction of the applied magnetic-field gradient 
( 9), suggesting anisotropic diffusion, only the diagonal ele
ments of the diffusion tensor, Dxx, D.1y, and D==· have ever 
been considered and estimated in these experiments 
( 8, 9, I 5, 27-29). Since our data suggest that off-diagonal 
elements may contribute to the measured signal intensity, it 
is prudent to assess the error in ignoring them in NMR spec
troscopy and imaging. A much more detailed analysis is pro
vided in a forthcoming paper (30). 

Statistically, ignoring the off-diagonal elements in esti
mating oetr is tantamount to performing a constrained mul
tivariate regression in which all off-diagonal elements of oetr 
are set to zero. The F test showed that the off-diagonal ele
ments were very significant in the anisotropic sample, and 

their significance depended upon the direction of the fibers 
with respect to the laboratory frame ( x, y, and z axes). Phys
ically ( or geometrically), setting the off-diagonal elements 
of oetr to zero is equivalent to assuming that the principal 
( orthotropic) axes of the medium are aligned with the co
ordinate axes of the laboratory frame of reference, and that 
the principal diffusivities ( eigenvalues of oetr) equal the di
agonal elements of oetr. Therefore, ignoring the off-diagonal 
elements in estimating oetr precludes the determination of 
the material's orthotropic axes and, in particular, its fiber 
orientation ( J 7) and may over- or underestimate the true 
effective diffusivities in the directions parallel and perpen
dicular to the fiber tracts in anisotropic media (17). As an 
example, consider the rotated pork sample. Using only the 
largest estimated diffusion coefficient, Dxx = 0. 9761 X 10- 3 

mm 2 /s, instead of the principal diffusivity, 1.0533 X 10- 3 

mm 2 /s, which is the largest eigenvalue of oest , results in a 
percentage error, %6..E, in the estimated diffusion distance 
of the proton, which will depend on the difference of their 
square roots; i.e., 

%6..E = ~ - lfi5:x = 4%. 
1/Amax 

[24) 

In MR diffusion spectroscopy and imaging, one seldom 
knows the precise fiber directions of an anisotropic biological 
or nonbiological specimen a priori. 

Potential Applications 4the Effective Diffusion Tensor 

Once we imbed the estimate of oetr in each voxel into an 
imaging sequence and determine both the principal direc
tions ( orthotropic axes) along which diffusive fluxes are un
coupled and the corresponding principal diffusivities in each 
voxel, we can construct fiber-orientation maps by plotting 
the fiber tract direction. This procedure is predicated on the 
assumption that the principal directions ofoeff coincide with 
the parallel and perpendicular directions of the fibers (] 7). 
In addition, the principal diffusivities of oeff can be shown 
to furnish the effective diffusion distances in each of the three 
principal directions within the anisotropic medium. Con
sequently, an effective diffusion measurement is made on 
the scale of a macroscopic voxel to provide estimates of mi
croscopic proton displacements in different directions. 
Moreover, using the effective diffusion tensor in each voxel, 
we can construct images of diffusion ellipsoids and scalar 
invariants of oetr which could reveal important microstruc
tural and physiological information about tissues. 

Finally, it may be possible to use oeff to correct measure
ment errors caused by misalignment and improper scaling 
of the time-dependent B field gradients used in diffusion 
NMR imaging and spectroscopy. Because the effective dif
fusion tensor is estimated from an equation ( e.g., Eq. [ 10]) 
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in which its coefficients ( b matrix elements) scale with I GI 2, 

oetr is inherently more sensitive to the magnetic-field gradient 
than is the phase, which scales with IGI. This process, formally 
equivalent to the "whitening" ofsign_als (31~, can pot~nti~lly 
improve the accuracy of pulsed-gradient, spm-echo d1ffus1on 
NMR spectroscopy and imaging ( /7). 

It was suggested recently that diffusion NMR imaging 
could be performed with species other than water (32), such 
as phosphocholine, phosphocreatine, and N-acetylaspartate, 
all of which have a net charge at physiological pH. Charged 
moieties may behave differently in response to the applied 
field gradients. owing to the (Lorentzian) body force they 
experience. For these media. the diffusion tensor is not n_ec
essarily symmetric ( JO). To estimate D for charged species, 
we may have to include all six off-diagonal elements instead 
of only three. Notwithstanding, the estimation methods out
lined above should continue to be applicable with this mod
ification. 

For this method to be clinically practicable, we must re
duce the time required to obtain adequate estimates for each 
of the effective self-diffusion tensors in each voxel. We do 
not foresee any obstacles to realizing diffusion tensor imaging 
by obtaining the needed diffusion-weighted imag_es u~ing 
faster imaging modalities such as echo-planar imaging. 
Moreover, it may be possible to maximize the informat!on 
gain per experiment by using improved statistical estin:iatton 
methods. Bv this, we mean minimizing the error vanances 
ofoetr subje~t to the known constraints. Several independent 
variables can be manipulated to increase the information 
gained per experiment, including the total number of t_rials 
and the magnetic-field-gradient vector (strength and direc
tion) in each trial. Significant error variance reduction may 
be achieved by ensuring that the columns of the design matrix 
are orthogonal ( 24). An optimal experimental protocol ma_y 
maximize the signal-to-noise ratio for each measurement; it 
could use a priori information about the coefficients of the 
diffusion tensor, such as correlations among its components 
within a voxel and between neighboring voxels. It could also 
be implemented like a Kalman filter, which uses sampled 
data to continually update its parameter estimates. 

Dependence of Effective DiJji,sivity on Space and Time 

We have explicitly assumed in this paper that diffusion 
coefficients are independent of space within a voxel. For this 
condition to be satisfied, we require that the transport of 
magnetization in the Bloch equation ( 19) be do~inated ?Y 
gradients in the magnetization itself, rather than m the dif
fusivity; i.e., 

[25) 

For this condition to be satisfied, the fractional change in 
the diffusivity over a voxel must be much less than one, i.e., 

(26] 

where dY:i is the size of the voxel in the xi direction. 
In microscopically heterogeneous systems, the estimated 

effective self-diffusion coefficients may depend upon the dif
fusion time. When the approximate diffusion time for a 
trapezoidal gradient pulse of the experiment is small with 
respect to the time needed to diffuse to the nearest permeable 
barrier, .:l - o / 3 ~ ( r2) / D, the effective diffusion tensor 
may appear isotropic; when the diffusion time of the exper
iment is long, the macroscopic molecular displacements will 
appear more anisotropic. Furthermore, ifwe monitor a pro
cess such as edema, in which the characteristic time of swell
ing may be significantly longer than the diffusion time of the 
experiment, the assumption that the diffusion coefficient is 
independent of time during each experiment may still be 
valid. 

CONCLUSION 

We have presented a method for determining the com
ponents of oetr using robust and efficient linear and nonlinear 
regression algorithms. Just as the scalar diffusion constant 
can be estimated by linear regression from spin-echo exper
iments with isotropic media, we show how the diffusion ten
sor can be estimated by multivariate regression from spin
echo experiments with anisotropic media. For diffusion in 
anisotropic media, off-diagonal components of oetr vanish 
only when the "fiber tract" and "laboratory" frames of ref
erence coincide ( J 7)-a condition that is rarely verifiable 
or satisfied in imaging applications. As a result, both diagonal 
and off-diagonal elements of oetr must be assumed to affect 
the measured echo attenuation a priori when octr is estimated. 
Ignoring the off-diagonal elements of oetr is tantamount to 
discarding the information necessary to determine fiber-tract 
direction. 
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